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Abstract:

Introduction/Purpose: This paper presents a comprehensive survey of
fixed-point results in metric-like spaces, with a particular emphasis on
b-metric-like spaces. The purpose of the study was to explore the gen-
eralization of several important concepts in fixed point theory, including
partial metric spaces, metric-like spaces, and b-metric spaces. This re-
search aimed to contribute to the advancement of fixed-point theory in
these generalized settings.

Methods: The study involved reviewing foundational and recent research
on fixed-point results in b-metric-like spaces. It focused on summarizing
key contributions from the early stages of the field to the present, pro-
viding an extensive compilation of results. Additionally, the paper ad-
dressed open problems arising from the best proximity results in orthog-
onal 0-complete b-metric-like spaces.

Results: The results highlighted significant contributions to the theory of
fixed points in metric-like spaces, particularly in the context of b-metric-
like spaces. The study offered affirmative answers to some open prob-
lems concerning the best proximity results in orthogonal 0-complete b-
metric-like spaces, further enriching the theoretical framework.

Conclusions: This paper is concluded by advancing the understanding
of fixed point theory in generalized metric-like spaces. It provides re-



https://orcid.org/0000-0003-4897-1132
https://orcid.org/0000-0001-8254-6688
https://doi.org/10.5937/vojtehg73-56769

searchers with valuable insights and references, which could facilitate
further exploration and development in this field.

Key words: fixed point theory, b-metric-like spaces, metric-like spaces,
partial metric spaces, metric spaces, best proximity results, orthogonal
0-complete spaces, generalizations.

Introduction and preliminaries

Let (X, d) be a metric space, and let G : X — X be a mapping. The
function G is defined as a contraction on X if there exists a constant k£ such
that 0 < k < 1 andforall z,y € X, the following inequality holds:

d(G(x),G(y)) < kd(z,y).

This definition essentially means that G brings points closer together, with
the constant k& providing a bound on how much closer. The celebrated Ba-
nach Fixed-Point Theorem, established by Stefan Banach in 1922, asserts
that any contraction mapping on a complete metric space has a unique
fixed point. This powerful result has become a cornerstone of modern
analysis and has inspired numerous extensions and generalizations, see
(Abkar & Gabeleh, 2013; Chen et al., 2015; Ciri¢, 1974; Czerwik, 1993;
Gregori & Sapena, 2002; Karapinar, 2014; Kirk, 2003; Mattews, 1994; Mi-
het, 2008; Mirkov et al., 1994; Moussaoui et al., 2022, 2024; Pacurar &
Rus, 2010; Petrusel, 2005; Radenovi¢, 2016a; Suzuki, 2008, 2009; Yang
et al., 2020).

Researchers have sought to broaden Banach’s theorem by consider-
ing more general classes of spaces and mappings. The generalizations
primarily follow two avenues: either modifying the underlying metric space
or replacing the traditional contraction condition with a more flexible form.
Specifically, instead of using a constant k, the contraction condition can
be expressed in terms of a function ¢ that maps (0, +0) to itself, i.e., by
replacing kd(z,y) with ¢(d(z,y)). These extensions have led to the intro-
duction of new types of generalized metric spaces, such as partial metric
spaces, metric-like spaces, b-metric spaces, partial b-metric spaces, and
b-metric-like spaces. Each of these spaces provides a different framework
for studying contraction mappings, which may hold under conditions that re-
lax or modify traditional distance properties. Berinde and Pacurar Berinde
& Pacurar (2022) provided a concise overview of the foundational progress
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in fixed point theory on b-metric spaces, compiled a collection of key ref-
erences, and analyzed recent advancements in the field. In 2012, Amini-
Harandi Amini-Harandi (2012) developed the concept of metric-like spaces
as a broadening of partial metric spaces and established foundational fixed
point results that unify and extend previous work. Aleksic et al. Aleksic et
al. (2020) simplified proofs for key results in b-metric spaces, showing that
contractive conditions ensure b-Cauchyness of Picard sequences, improv-
ing the existing results. Monika in Monika (2019) compiles a comprehen-
sive overview of fixed point results in metric-like spaces. The study in-
cludes significant findings from their inception to recent advancements. In
2013, Alghamdi et al. Alghamdi et al. (2013) defined b-metric-like spaces,
proved fixed point theorems, and applied their results to integral equations.
Chunfang Chen et al. Chen et al. (2015) explore fixed point theorems in
b-metric-like spaces, generalizing the existing results and applying them
to an integral equation. Kastriot Zoto et al. Zoto et al. (2018) introduced
(s, p, @)-quasi-contractions and (s, p)-weak contractions, establishing fixed
point results in b-metric-like spaces.

These generalized structures have proven useful in various areas of
mathematics, particularly in fixed-point theory, where they provide more
flexible settings for studying existence and uniqueness theorems. They
also find applications in the areas such as computer science, optimization,
and dynamical systems. The interplay between these important and di-
verse generalizations is presented as follows:

’ Metric Spaces }—>’ b-Metric Spaces ‘

’ Partial Metric Spaces }—»’ Partial b-Metric Spaces ‘

’ Metric-like Spaces H b-Metric Like Spaces ‘

Let us now review the definitions of the six distinct classes of spaces,
which encompass the classic metric space and five extended classes of

generalized metric spaces.
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The concept of a metric space was introduced by Maurice Fréchet
Fréchet (1906) in 1906 during his doctoral work, titled Sur quelques points
du calcul fonctionnel. This idea marked the beginning of the formal study of
abstract spaces equipped with a distance function, forming a foundational
aspect of modern analysis and topology.

DEFINITION 1. Fréchet (1906) Let X be a nonempty set. A mapping d :
X x X — RT is said to be a metric on X if the following conditions holds
forall z,y,z € X :

(M1) d(x,y) =0ifand only if x =y,
(M2) d(z,y) = d(y,x), and
(M3) d(x,z) < d(y,z) +d(y, 2)

A pair (X, d) satisfying the above assumptions is a metric space.

The concept of a partial metric space was first introduced by Matthews
Mattews (1994), as defined below.

DEFINITION 2. A mapping p : X x X — R, where X is a nonempty set, is
called a partial metric on X if, for any z,y,z € X, the following conditions
hold:

(P1) =z =y ifand only if p(x,z) = p(y,y) = p(x,y),

(P2) p(z,z) < pl(z,y),

(P3) p(z,y) = p(y, ), and

(P4) p(z,2) < p(z,y) +p(y, 2) — Py, y)-

The pair (X, p) is then referred to as a partial metric space.

p
p

Recently, Amini-Harandi (Amini-Harandi, 2012) see also (Amini, 2012)
proposed the concept of a metric-like space, which serves as a notable
generalization of both partial metric spaces and dislocated metric spaces
Aage & Salunke (2008); Sarma & Kumari (2012); Zoto & Hoxha (2012).
This new framework extends the traditional notions of distance between
elements in a space by relaxing some of the standard conditions of metric
spaces. In particular, metric-like spaces allow for the possibility of non-zero
values of o(z, ), unlike standard metric spaces where o(z, x) is always
zero. This flexibility makes metric-like spaces a powerful tool for studying
various types of convergence and continuity in more generalized settings.
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DEFINITION 3. A function o : X x X — R*, where X is a nonempty set, is
called a metric-like function on X if it satisfies the following conditions for
all x,y,z € X:

(01) o(x,y) = 0 implies x = y,

(02) o(z,y) = o(y,z) (Symmetry), and

(03) o(x,z) < o(x,y) + o(y, z) (triangle inequality).

The pair (X, o) is referred to as a metric-like space. A metric-like on

X fulfills all the standard properties of a metric, with the exception that
o(x,x) can take a positive value for x € X. Every metric-like function o on
X defines a topology 1, on X, with the base given by the family of open
o-balls:

B,(z,e) ={ye X :|o(z,y) —o(z,z)| <e}, forallz € X ande > 0.

A sequence {x,} in the metric-like space (X, o) converges to z € X if
and only iflim,, o 0(zp, ) = o(x, ).

Let (X,0) and (Y, 7) be metric-like spaces, and let G : X — Y be a
continuous mapping. Then,

nEToo z, = x implies nEToog(x”) =G(x).

A sequence {z,}'_,o0 C X is called o-Cauchy if the limit
limyy, n—s400 0(Tm, ) exists and is finite. The metric-like space (X, o) is
complete if every o-Cauchy sequence {x,},;_,00 converges to some z € X
such that

ngg_loo o(xp,x) =0o(x,x) = m,il—lg—oo (T, Tny)-

It is worth noting that every partial metric space is an example of a
metric-like space.

ExXAMPLE 1. Consider the set X = {0, 1}, and let the function o : X x X —

R* be defined as:
2 ifx=y=0,
olz,y) =9,
1 ifz#y.

In this case, the pair (X, o) forms a metric-like space. However, since
0(0,0) £ ¢(0,1), we conclude that (X, o) is not a partial metric space.

The notion of b-metric space was first introduced by Czerwik in his sem-
inal work Czerwik (1993). This concept generalizes the traditional idea




of a metric space by relaxing the triangle inequality. Specifically, in a b-
metric space, the standard triangle inequality is modified by a constant fac-
tor s > 1.

DEFINITION 4. A b-metric on a nonempty set X is a functionb : X x X —
[0, +00) such that for all z,y,z € X and a constant K > 1, the following
three conditions hold true:

(b1) b(x,y) = 0ifand only if x =y,

(b2) b(x,y) = b(y,x), and

(b3) b(z,y) < s(b(z, 2) + b(z, y))-

The pair (X, b) is referred to as a b-metric space.

DEFINITION 5. Alghamdi et al. (2013) A b-metric-like on a nonempty set X is
a function D : X x X — [0, +o00) such that for all x,y, z € X and a constant
s > 1, the following three conditions hold true:

(D1) D(z,y) =0 implies x =y,

(D2) D(x,y) = D(y, ), and

(D3) D(x,y) < s(D(x, 2) + D(z,9)).

The pair (X, D) is referred to as a b-metric-like space.

ExAMPLE 2. Alghamdi et al. (2013); Chen et al. (2015)

1) Consider the set X = [0,+00) and define a function D : X x X —
[0,+00) by D(z,y) = (z + y)2. The pair (X, D) forms a b-metric-
like space with a constant s = 2. However, (X, D) is neither a b-
metric space nor a metric-like space. To verify, forany z,y, z € X, we
observe:

D(z,y) = (x+y)°* < (x+2+24y)* = (2+2)+(2+y)*+2(z+2) (2 +y),
and since
(z+2)°+(z+y)° +2@+2)(z+y) <2[(x+2)°+ (2 +)7],

it follows that
D(z,y) < 2(D(x,z) + D(2,9)),

thus satisfying condition (D3). Additionally, conditions (D1) and (D2)

are also satisfied.
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2) Let X = [0,+00), and define the function D : X x X — [0,4+00) by
D(x,y) = [max{z,y}] ?_ In this case, the pair (X, D) forms a b-metric-
like space with the constant s = 2. However, it is evident that (X, D)
does not qualify as either a b-metric space or a metric-like space.

3) Consider the set X = {0,1,2} and define the function D : X x X —
[0, +00) by:
2, ifzx=y=0,
D(z,y) =4, .
3, Otherwise.

The pair (X, D) forms a b-metric-like space with the constant s = 2.

4) Let Cp(X) = {G : X — R : sup,cx |G(x)| < +oo}. Define the function
D:X xX — RT by:

D(G,H) = §/sup(\g(a;)\ FH(z)))3,  forall G, H € Cy(X).

zeX
The function D satisfies the properties of a b-metric-like with the con-
stant s = v/4, making (X, D, v/4) a b-metric-like space.

To verify this, observe that for any two nonnegative real numbers e
and ¢, the following inequalities hold:

(e+c)d <4+ and Ve+c< e+ Ve
As a result, it can be deduced that:

D(G,H) <V4-(D(G, L)+ D(L,H)) forall G, H,L e Cy(X).

DEFINITION 6. Alghamdi et al. (2013)Let (X, D) be a b-metric-like space,
x € X andr > 0. The set

B(z,r)={y € X : |D(z,y) — D(z,z)| < r}

is referred to as an open ball in the b-metric-like space (X, D, s), where x
is the center and r > 0 represents the radius. Let {x,} be a sequence of
points in X. The sequence {z,} is said to converge to a point z € X if
and only if lim,,_,~ D(z,z,) = D(z,x), and in this case, we denote this
as x, — xr asn — +oo. A sequence {z,} is called Cauchy if and only
if limyy, y— 400 D(zn, zm) €Xists and is finite. Furthermore, the b-metric-like




space (X, D) is said to be complete if and only if every Cauchy sequence
{z,} in X converges to some z € X, satisfying:
mn},l—I}}i—oo,D(xn’ Tm) =D(z,x) = nll)r_ir_looD(xn, x).

In 1962, Edelstein Edelstein (1962) introduced a notable modification
of the Banach contraction principle. Subsequently, in 2009, Suzuki Suzuki
(2009) expanded and refined the contributions of Banach and Edelstein,
as highlighted in related works Salimi & karapinar (2013); Suzuki (2008).
In recent years, the study of cyclic contractions and cyclic contractive map-
pings has gained significant traction in various mathematical investiga-
tions (Pacurar & Rus, 2010; Sintunavarat & Kumam, 2012; Petrusel, 2005;
Radenovi¢, 2016a,b). Building on these advancements, Alghamdi et al. Al-
ghamdi et al. (2013) established fixed point theorems for cyclic Edelstein-
Suzuki contractions, thereby generalizing the results of Edelstein Edelstein
(1962), Suzuki Suzuki (2009), and Kirk et al. Fréchet (1906) within the
framework of b-metric-like spaces.

THEOREM 1. Alghamdi et al. (2013) Let (X, D, s) be a complete b-metric-
like space, and let { A; };”:1 denote a family of nonempty closed subsets of
X, where Y = U;.":l Aj. Suppose G : Y — Y is a mapping that satisfies
the condition

Q(A]) - Aj+1, j=12,...,m, with Am+1 = A;.

Furthermore, assume that for all x € A; and y € A;;1, the following in-
equality holds:

%D(az, Gz) < D(z,y) implies

s

(s+1)
s

D(Gx,Gy) < a D(z,y) + B[D(x,Gx) + D(y, Gy)| +

y D(z,Gy) +D(y,gw)} N 5{9(%96) +D(y,y)

3s 4s

where o, 3,7,6 > 0 and a + 3+~ + & < —5. Under these conditions, the
mapping G has a fixed point in (7., A;.

Taking ©CtY — g — 2 — & — R in Theorem 1 leads to the derivation
of the following corollary.

s 3s
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COROLLARY 1. Alghamdii et al. (2013) Let (X, D, s) be a complete b-metric-
like space, and let {A; }}”:1 be a family of nonempty closed subsets of X
with Y = UT:1 A;. LetG : Y — Y be a map satisfying G(A;) C Aji1,
j=1,2,...,m, where A, 1 = A;. Assume that

1
2-D(,z) < Dl,y)

implies D(Gz, Gy) < R[D(x,y) + D(x,Gx) + D(y, Gy)+
D(x,Gy) + D(y,Gz) + D(x,z) + D(y,y)],

forallz € A; and y € A;11, where 0 < R < Then G has a

fixed point in (7L, A;.

1
(s+1)(Ts+1)+s"

In their work Chen et al. (2015), a set @ is defined as the collection of
functions ¢ : [0, 4+00) — [0, +00) that satisfy two conditions: continuity and
non-decreasing nature, along with ¢(¢) = 0 if and only if ¢ = 0. They then
proceed to present the main results of the study.

THEOREM 2. [Chen et al. Chen et al. (2015)] Consider (X, D) as a complete
b-metric-like space with a constant s > 1, and let G : X — X be a map that
satisfies the inequality

D(z,y)

D(Gz,Gy) < —¢(D(x,y))

forall z,y € X, where ¢ € ®. Then, G has a unique fixed point.

In Theorem 2, they showed that by choosing ¢(t) = g —Awith0 < A <
%, the following corollary can be derived.

COROLLARY 2. Chen et al. (2015) Let (X,D) be a complete b-metric-like
space with constant s > 1, and let G : X — X be a mapping such that for
all x,y € X, the inequality

1

D(Gz,Gy) < AD(x,y) where 0< A< S

holds. Then, G has a unique fixed point in X.

They pointed out that by choosing s = 1 in Theorem 2, one can derive
Theorem 2.7 from Amini-Harandi (2012). As an application of their result,




the authors studied the existence of a solution to the integral equation

T
:/0 K(t,r, 2(r)) dr, (1)

where K : [0,7] x [0,7] x R — R. They proved the existence of a
solution by considering X = C0,T], the space of continuous real func-
tions on [0, T'], equipped with a b-metric-like structure defined by D(u,v) =
max,c(o.7] ([u(t)| + [v(t)])”, with p > 1. The authors show that (X, D) is a
complete b-metric-like space with s = 2771, and the existence of a fixed
point for the mapping f(z fo (t,r,z(r)) dr ensures the existence
of a solution to the equatlon

THEOREM 3. Chenetal. (2015) Let K : [0,T]x [0, T] xR — R be continuous.
Assume there exists a continuous ¢ : [0,T] x [0,T] — R such that for all
t,r €0,T):

K (t, 7,2 (r)| + Kt y(r)] < A€t r) (Jo(r)] + |y(r)]) 4
with0 < XA < 1, and

sup/{trdr<1

t€[0,T]

Then the integral equation (1) has a unique solution = € X.

In order to present a new contractive condition, Jain et al. Jain & Kaur
(2021) introduced the following new class of functions =,, forany m € N
as the set of functions ¢ : [0, +00)™ — [0, 4+00) that satisfy the conditions:

* (51) §(t17t27"‘7tm) < max{t1,t27"'7tm} if (t15t27"'7tm) #
(0,0,...,0);

« (&2) If {tgn)}neN, for 1 < i < m, are sequences in [0, +oo) such that
limsup,, tz(") =t <+ooforalli=1,...,m, then

o (n) ,(n) (n)
lim inf ¢(1,", 15 st <t b, ).

Jain et al. Jain & Kaur (2021) proved the following result in a b-metric-like
space.
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THEOREM 4. Let (X,D,s > 1) be a complete b-metric-like space, and let
G : X — X be a mapping such that there exists £ € =4 and

(z,Gy) + D(Gz,y) — D(y,y)

1 D
D(G2,01) < 1¢ (Do), Dle. G2), Dy, Gu) g
for all z,y € X with D(z,Gy) + D(Gz,y) > D(y,y). Then, G has a unique
fixed point.

Nawab et al. Hussain et al. (2014) extended the fixed point theory to
partially ordered b-metric-like spaces. Let (X, <) be a partially ordered set,
and (X, D) a b-metric-like space, which we refer to as a partially ordered
b-metric-like space.

THEOREM 5 (Nawab et al. Hussain et al. (2014)). Consider a nondecreas-
ingmap G : X — X such that for all z,y € X withx <y,

D(G(x),G(y)) < aM(z,y),

where a € [0, 75) and

M(z,y) = max{D(z,y), D(,9(2)). D(y, G(1)) D(.G(y)), Dly. () }.

Under these conditions, the fixed point set F'(G) is nonempty if there exists
xo € (LF)g, where (LF)g = {x € X : x < G(z)}, and one of the following
holds: (a) G is continuous, or (b) (X, =,D) satisfies the sequential limit
comparison property. Additionally, G has a unique fixed point if and only if
every pair of fixed points is comparable.

Nawab et al. Hussain et al. (2014) studied fixed point results for non-
decreasing mappings in the framework of partially ordered b-metric-like
spaces. Prior to presenting their main theorem, they introduced the con-
cept of the sequential limit comparison property:

An ordered b-metric-like space (X, <, D) is said to satisfy the sequential
limit comparison property if, for any nondecreasing (or nonincreasing) se-
quence {z, }nen in X, the convergence z,, — z implies z,, < z (or z < x,)
forall n € N.

Their main result is stated as follows:

THEOREM 6. Hussain et al. (2014) Let (X, <, D) be a partially ordered com-
plete b-metric-like space with a coefficient s > 1. If a nondecreasing map




G : X — X satisfies

sD(G(z),6(y)) < M(z,y) — p(m(z,y)), (2)
for all z,y € X with x <y, where

D(z,G(y)) + D(y,6(x))
4s ’

mia,y) = min { D(e,G(1)), Dy §()) },

and ¢ : [0,+00) — [0,400) iS @ continuous and nondecreasing function
such that p(t) > 0 for all t > 0 and »(0) = 0, then the fixed point set F(G)
is nonempty, provided there exists xo € (LF)g and one of the following
conditions holds:

(i) G is continuous.

./\/l(x,y) =

(17) (X, =,D) satisfies the sequential limit comparison property.
Furthermore, G has a unique fixed point if and only if the fixed points of G
are comparable.

In their work, Zoto et al. Zoto et al. (2018) introduced the concept of
generalized (s, p, a)-contractions and obtained fixed point theorems for this
class of contractions in the framework of b-metric-like spaces. Specifically,
they define a self-mapping G : X — X on a complete b-metric-like space
(X, D) with parameter s > 1 as an (s, «)-Banach contraction if it satisfies
the condition

sD(Gxz,Gy) < aD(z,y)

forsome o € [0,1)and all z,y € X.

Based on Ciric’s quasi-contractions, Zoto et al. Zoto et al. (2018) intro-
duced the concept of generalized (v, s, p, «)-contractions in b-metric-like
spaces. Let ¥ and ® denote the families of altering distance functions sat-
isfying the following conditions, respectively:

¥ : [0,+00) — [0,+00) is an increasing and continuous function, and
U(t) =0ifand only if t = 0.

® : [0, +00) — [0, +00) is a lower semicontinuous function, and ®(¢) = 0 if

and only if ¢t = 0.
1079
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Using these families, they defined (¢, s, p, a)-C‘iric’-type quasi-contractions
as follows:

DEFINITION 7. Zoto et al. (2018) Let (X, D) be a b-metric-like space with the
parameter s > 1. Consider i) € ¥, and let o and p be constants such that
0<a<landp>2 AmappingG: X — X is called a (1, s, p, a)-Ciri¢-
type quasi-contraction if, for all z,y € X, the following inequality holds:

¥ (D(Gx,Gy) < ot (max{D(a,y), Dla. G), Dly. Gy), D(x, Gy), D(y, Ga) } ).

REMARK 1. The authors also illustrated that these generalized contractions
extend and unify several well-known results in the fixed point theory of
metric-like spaces.

1. By taking ¢(t) = %t (or the identity mapping ¢ (t) = t), the notion of a
(¥, s,p, a)-éirié-type quasi-contraction reduces to an (s, p, «)-quasi-
contraction.

2. For ¢(t) = it and p = 2, the definition simplifies to the (s, a)-quasi-

contraction presented in Ciri¢ (1974).
3. Setting s = 1 corresponds to the special case of metric-like spaces.

THEOREM 7. [Kastriot Zoto al. Zoto et al. (2018)] Let (X, D) be a complete
b-metric-like space with the parameter s > 1, and let f: X — X be a given
self-mapping. If f is a (¢, s, p, «)-quasicontraction, then f has a unique
fixed point.

The following corollary, derived by Zoto et al. Zoto et al. (2018), provides
a version of the Hardy-Rogers result in Gordji & Rogers (1973).

COROLLARY 3. Let (X, D) be a complete b-metric-like space with the pa-
rameter s > 1. If G: X — X is a self-mapping and there exist p > 2 and
constantsa; > 0,¢=1,...,5, such that a; + as + as + a4 + a5 < 1 and

SpD(ggj, gy) < alp(xv y)—i-aQD(x, ggj)—|—a3D(y, gy)—i—ozﬂ)(x, gy)+a5D(y, gl’),
for all x,y € X, then G has a unique fixed point in X.

In addition to the results already discussed, Zoto et al. also derived
several corollaries as immediate consequences of Theorem 7. These




corollaries deal with self-maps that satisfy contractive conditions expressed
through rational expressions, utilizing the functions ¢ € ¥ and ¢ € .

COROLLARY 4. Let (X, D) be a complete b-metric-like space with parameter
s>1,andletG : X — X be a self-map. Ifthere exist € ¥,0 < a < %
and p > 2, such that the condition

Y(M(z,y))
L+ (M (z,y))

is satisfied for all z,y € X, where M (z,vy) is defined as in (2), then G has a
unique fixed point in X.

¥ (2spD(Gz, Gy)) < a

Fabiano et al. Fabiano et al. (2020) studied cyclic (s, ¢)-Dass-Gupta-
Jaggi type contractions in b-metric-like spaces, proving that a Picard se-
qguence is Cauchy in this setting, thus extending and refining the existing
results. They further established the equivalence between the cyclic results
of Kirk et al. and the standard fixed point results for such contractions.

Before stating the main result, let us recall the notions of n-admissibility
and n-continuity. A mapping G : X — X is called n-admissible if n(z,y) > 1
implies n(G(x),G(y)) > 1 for all z,y € X. Moreover, G is said to be -
continuous on a b-metric-like space (X, D) if, for any sequence {z,} in
X satisfying nll)l}_loo zn, = z and n(zp, zn41) > 1 for all n, it follows that

ngg-loo g(zn) - g(z)

THEOREM 8. Fabiano et al. (2020) Let (X, D) be a D-complete b-metric-like
space, andletn: X x X — [0,+o00) and G : X — X be the given mappings.
Suppose that for all =,y € X with n(x,Gx)n(y,Gy) > 1 implies

2s'D(Gx,Gy) < ¢(N(z,y))

where ¢ > 1, ¢ : [0, +00) — [0, +00) is a is non-decreasing and continuous
function satisfying lim,,_, 1~ ¢™(t) = 0, and

D(z,y)D(y,Gy) D(y,.Gy)[l + D(z,Gz)]
1+D(z,Gx) ’ 1+ D(x,y)
D(z,Gy) + D(y,Gx) }
’ 4s '

N(z,y) = max {D(x,y)ap(y, gz),

Assume that the mapping G : X — X satisfies the following conditions:
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1. G is n-admissible.
2. There exists zy € X such that n(zo,G(z0)) > 1.

3. Either G is n-continuous, or for any sequence {z,} in X such that for
alln >0, n(zp, 2nt1) > 1and lim z, =z, we have n(z,G(z)) > 1.

n—-+o0o

Then G has a fixed point = € X. Furthermore, if:
4. Forall z € F(G) ={a € X : G(a) = a}, we have n(z,z) > 1,
then G has a unique fixed point in X.

An example is given below to support Theorem 8.

ExamMPLE 3. Fabiano et al. (2020) Consider X = [0, 1] equipped with the b-
metric-like function D(x,y) = (z + y)? for all z,y € X, with the parameters
s=2andg>1.LetG: X - Xandn: X x X — [0,400) be defined as

follows:
x 1, If r =Y = 0,
gx = = :By — .
(@) {0, otherwise.

(@)

Additionally, let ¢ : [0,+00) — [0,+cc) be given by ¢(t) = t2. For the
pair (z,y) = (0,0), we observe that n(z,Gz)n(y,Gy) > 1 holds only when
x =y = 0. Now, for this specific pair, we calculate 25?D(G(0),G(0)) = 0,
while the expression for ¢ yields

D(0,0) - D(0,G0)
1+D(0,G0)

0] <max {D(O, 0),D(0,G0),

D(0,G0)[1 + D(0,G60)] D(0,G0) + D(0,G0) })
1+ D(0,0) ’ 4.2
D(0,0) - D(0,G0)
14+ D(0,G60) ~’
D(0,G0)[1 + D(0,G0)] D(0,G0) + D(0,G0) }
1+ D(0,0) ' 8

_ % max {D(O, 0), D(0,G0),

1 . -(14+0) 040
:2max{0,0,000(+) +}

1+0° 1+0 7~ 8
—1><O—0
=3 = 0.

Thus, this example demonstrates the applicability of Theorem 8; in partic-
ular, it confirms that z = 0 is the unique fixed point of G.




Mirkov et al. Mirkov et al. (1994) proposed a simplified and concise
proof of Banach’s contraction principle using Palais’s method within the
generalized framework of b-metric-like spaces. Their result extends exist-
ing findings in the literature by demonstrating that the Lipschitz constant in
Banach’s contraction principle can belong to the entire interval [0, 1) across
six types of spaces: metric spaces, b-metric spaces, partial metric spaces,
partial b-metric spaces, metric-like spaces, and the broader b-metric-like
spaces.

First, using Palais’s method, they obtained the following result.

LEMMA 1 (Mirkov et al. Mirkov et al. (1994)). Let (X, D) be a b-metric-like
space with s > 1 and {z,,} be a sequence in X such that

D(xm, ) < kD(Tpm—1, Tn-1),
for all m,n € N, where k € [0,1). Then the following inequality holds:
D(@m, Tp) < s (K™ + k™) D(x0, T, )/ (1 — K™5)
where ng € N such that k™s < 1.

THEOREM 9. Mirkov et al. (1994) Consider a complete b-metric-like space
(X, D) with s > 1. Ifa mapping G : X — X satisfies the condition

D(G(x),G(y)) < kD(z,y),

forall z,y € X, where k € [0,1), then G admits a unique fixed point in X.

In recent years, extensive research has been conducted on the general-
ization of Geraghty contractions Karapinar (2014, et al.); Aydi et al. (2017).
In 2017, Fulga et al. Fluga & Proca (2017) introduced the notion of p-
Geraghty contractions and established a corresponding fixed point theo-
rem in complete metric spaces. Subsequently, this concept was explored
in metric-like spaces Aydi et al. (2017), leading to the following result:

THEOREM 10. Aydi et al. (2017) Let (X, o) be a complete metric-like space,
and let G : X — X be a self-mapping. Suppose there exists 5 € B such
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that
o(Gz,Gy) < B(F(z,y))F(z,y), Vz,ye X,

where
F(z,y) =o(z,y) +|o(z,Gz) — o(y, Gy)|-
Then, G has a unique fixed point.

Note that; B consists of all functions 3 : [0, +o00) — [0, 1) such that:

nETooﬁ(t”) =1 implies ngr}rloo t, =0.

Dakun Yu et al. Yu et al. (2018) initiated the concept of (7', ¢)r-
contractions of Geraghty type and studied common fixed point theorems
for these contractions in b-metric-like spaces. We recall that, according to
Abbas et al. Abbas & Jungck (2008), the following definition is given: Let
X be a nonempty set, and let f and g be self-mappings on X. The set of
common points of f and g is defined as C(f,g9) = {x € X : fx = ga}. The
pair (f, g) is said to be weakly compatible if fgx = gfx forallz € C(f,g).
Moreover, if there exists x € X such that fx = gx = w, then « is called a
coincidence point of f and g, and w is referred to as a point of coincidence
of fand g.

DEFINITION 8. Yu et al. (2018) Let (X, D) be a b-metric-like space with the
coefficient s > 1, and let T, g : X — X be two mappings. The pair (T, g) is
said to be a (T, g) p-contraction of Geraghty type if there exists § € B such
that

for all z,y € X, where Fy(z,y) = & [D(gz, gy) + |D(gz, Tz) — D(gy, Ty)|] -

THEOREM 11. Yu et al. (2018) Let (X, D) be a b-metric-like space with the
coefficient s > 1, and let T,g : X x X — X be two mappings such that
T(X) C g(X)and g(X) is complete. Ifthe pair (T, g)isa (T, g)r-contraction
of Geraghty type, then T and g have a unique point of coincidence. Further-
more, if T and g are weakly compatible, then they have a unique common
fixed point.

By specializing Theorem 11 to the case g = I'x (the identity mapping),
they obtained the following result.




COROLLARY 5. Yu etal. (2018) Let (X, D) be a complete b-metric-like space
with the coefficient s > 1, and let T : X — X be a mapping. If there exists
8 € B such that

D(Tz,Ty) < B(F(z,y))F(2,y)
for all z,y € X, where F(z,y) = & [D(z,y) + |D(z,Tz) — D(y, Ty)|], then
T has a unique fixed point.

As an application of the previous corollary, Dakun Yu et al. Yu et al.
(2018) investigated the integral equation (E) : fo (t,r,z(r))dr,
where K : [0,1] x [0,1] x R — R. They conS|dered the functlon space X =
C[0,1] with the b-metric-like: D(u,v) = max,e(o1)(|u(t)] + lv(t)|)p, p>1,
WhICh forms a complete b-metric-like space with s = 2P~1. By defining

fo (t,r,2(r)) dr, they established the existence of a solution as
a dlrect consequence of the corollary.

THEOREM 12. Yu et al. (2018) Let K : [0,1] x [0, 1] x R — R be continuous.
Suppose there exists a continuous function ¢ : [0, 1] x [0, 1] — [0, +00) such
that

(K (t,r,2(r))| < &(,r)|a(r)].

If there exists § € B satisfying

t€[0,1] J0

then (E) has a unique solution x € X.

Best proximity theory provides a framework for approximating solutions
in situations where exact fixed points do not exist. Suppose U and V" are
two closed, nonempty subsets of a space X such that U NV = (), and let
G : U — V be a mapping. Since the equation G(z) = x has no solution,
one instead seeks a point x € U that is closest to G(x) € V. This point is
known as a best proximity point of G.

The study of best proximity points initially focused on classical metric
spaces before being extended to more generalized settings (see, for in-
stance, GardaSevi¢ et al. (2023); Fallahi & Eivani (2022); Abkar & Gabeleh
(2013); Aydi et al. (2020); Choudhury et al. (2015); Mongkolkeha et al.
(2013)). A notable development in this area was introduced by Gord;ji et
al. Gordji & Habibi (2017); Gordji et al. (2017), who explored the role of

1 1 1
sup / §(t,r)dr < (/Wﬂ <22p2(llw —Ylloo + Iz = f2lloo = Iy = fVllool)
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orthogonal sets and introduced essential concepts such as O-sequences,
O-Cauchy sequences, O-continuity, O-contractions, O-preserving proper-
ties, and the P-property. Their work established best proximity point results
under more generalized contractive conditions. Subsequent research has
built upon these ideas, particularly in the context of orthogonality Fallahi
& Eivani (2022); Mongkolkeha et al. (2013); Sawangsup & Sintunavara
(2020); Garakoti et al. (2014); Yang et al. (2020), leading to significant
progress in this field.

Milanka et al. Gardasevic¢ et al. (in press) addressed the open question
raised in GardaSevic et al. (2023) by introducing the assumption that the set
X is L-transitive. Before delving into their result, we will first recall some
definitions pertinent to the context of orthogonal metrics and best proximity
theorems.

DEFINITION 9. Gordji et al. (2017) Let X be a nonempty setand L.C X x X
be a binary relation. If there exists an element ry € X such that for all
y € X, eithery 1 xq orxog L y, then the pair (X, 1) is called an orthogonal
set (or O-set), and x is referred to as the orthogonal element.

If X is equipped with a metric d, then the pair (X, L,d) is referred to as
an orthogonal metric space. Orthogonal partial metric spaces, orthogonal
b-metric spaces, and other generalized orthogonal spaces are similarly de-
fined. For additional examples of these concepts, refer to Fallahi & Eivani
(2022); GardaSevic et al. (2023); Gordji & Habibi (2017); Gordjiet al. (2017);
Javed (et al.); Yamaod & Sintunavarat (2018).

The next example provides insight into the practical use of an orthogonal
set.

ExamPLE 4. Gordji et al. (2017) Let X be the set of all people in the world.
We define = L y if x can give blood to y. According to the following table,
if xo is a person with blood type O—, then there exists 2o L y forall y € X.




This means that (X, L) is an O~ -set, and z is not unique.

Blood type Can donate to Can receive from
A+ A+ AB+ A+ A-— O+ O-
O+ O+ A+ B+ AB+ O+ 0O-

B+ B+ AB+ B+ B-— O+ O-
AB+ AB+ everyone

A— A+ A— AB+ AB- A— O-

O— everyone O—

B— B+ B— AB+ AB-— B—- O-
AB— AB+ AB- AB— B—- O- A-

DEerFINITION 10. Gordji et al. (2017) A sequence {x,}.en is called an or-
thogonal sequence (or O-sequence) if for all n € N, the following condition
holds: ©,, 1 z,41 Or xpy1 L x,.

DEeFINITION 11. Gordji & Habibi (2017) A function G : X — X is said to be
orthogonal-preserving (or L-preserving) if for all xz,y € X such that x L y,
it follows that Gz 1 Gy.

DEFINITION 12. GardaSevic et al. (in press) An orthogonal set X is said to
be L-transitive if the following condition holds: for all x,y,z € X, if (y L
xorx Ly)and (y L zorz L y), then it follows that (x L z orz L x).

DEFINITION 13. Gordji & Habibi (2017) Let (X, L, d) be an orthogonal metric
space, which means (X, 1) is an O-set and (X,d) is a metric space. A
function G : X — X is called orthogonal continuous (or 1-continuous) at
a point x € X if, for every O-sequence {x,, }ncn in X satisfying x,, — x as
n — +oo, it follows that G(x,,) — G(z) as n — +oc.

Note that, every continuous mapping is a _L-continuous mapping; how-
ever, the converse does not necessarily hold. An example illustrating this
can be found in Gordji & Habibi (2017).

DEFINITION 14. Gordji et al. (2017) Let (X, L, D) be an orthogonal metric
space, and let A € [0,1). A function G : X — X is called an orthogonal
contraction (or L-contraction) with the Lipschitz constant \ if, forall xz,y € X
satisfying x | y, the following inequality holds:

D(Gz,Gy) < \D(z,y).
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REMARK 2. Gordji et al. (2017) Every contraction mapping is a L-
contraction mapping, but the converse is not true. For an example, see
Gordji et al. (2017).

Let (X, d) be ametric space, andletU, V' C X be two nonempty subsets.
The distance between U and V' is defined as

DU,V) = inf{d(u,v) |u e U,v e V}.

A pointu € U is called a best proximity point of a non-self mapping G : U —
V if it satisfies
d(u,Gu) = D(U, V).

For arbitrary sets U,V C X such that U,V # (), we define
Up={ueU|d(u,v)=D(U,V)forsomev e V},

Vo ={v eV |d(u,v)=D(U,V)forsomeu e U}.

Let (X, d) be a metric space, and let U,V C X be nonempty subsets such
that Uy # (). The pair (U, V) is said to have the P-property if and only if

{ d(ul,vl) == D(U, V)

d(U27 UZ) = D(U’ V) Imp|IeS d(U]_’ ’UQ) = d(/U].a 1}2)’

for all U, Uy € U() and V1,02 € VE)

Considering that d(z,Gz) > D(U,V) for all x € U, it follows that the
global minimum of the function = — d(z, Gx) is attained at a best proximity
point. Furthermore, it is straightforward to observe that a best proximity
point coincides with a fixed point when the mapping G is a self-mapping.

THEOREM 13. GardaSevic et al. (in press) Let (X, 1,D,s) be an orthog-
onal 0-D-complete b-metric-like space, and let (U,V) be a pair of two
non-empty closed subsets of X with an empty intersection, satisfying the
P-property. Assume that X is 1-transitive. LetG : U — V be a |-
continuous, L-preserving, and L-contractive mapping with the Lipschitz
constant k € (0,1). Suppose that G satisfies the following conditions:

(2) G(Uo) C Vo,

(i) There exist xo,x1 € Uy such that vy L x; and D(x1,Gxy) = D(U,V),
where D(U,V) = inf{D(z,y) |z € U,y € V}.




Then G has a unique best proximity point 2’ € U, i.e., D(z',Gx') = D(U, V).

In papers [36] and [37], the issues of best proximity results in orthogonal
0-complete b-metric-like spaces were considered. For proving the results
in these works, a sequence {z,,}, wheren = 0,1, 2, ..., is constructed such
that the following relation holds:

D(xp, Tnt1) < AND(xp—1,2z,) for n=1,2,...

where \ belongs to the interval [0,1/s) with s > 1. Based on this relation,
it is routinely proved that the constructed sequence {z,} is Cauchy. The
open problem raised in these papers was whether the obtained results are
still valid if A belongs to the interval [0, 1).

By utilizing the following result, we provide an affirmative answer to the
question posed in the paper. GardaSevic et al. (in press, 2023).

LEMMA 2. Let (X,D,s > 1) be a b-metric-like space, and let {z,} be a
sequence in X satisfying the following condition: There exists A\ € [0,1)
such that

D(xp, Tnt1) < A\D(xp—1,2,), foralln e N.

Then, the sequence {z,} is Cauchy.

Proof. If z,, = xz,_1 for some n € N, the proof is complete. Otherwise,
assume that z,, # z,_; for all n € N. We consider two cases:

Case1: A€ [0,1).
Case2: A e [1)1).

The proof for the first case follows similarly to the arguments presented
in GardaSevic et al. (in press, 2023). Now, consider the second case. Since
A" — 0 as n — oo, there exists k € N such that \* < 1. Define the
mapping G on the sequence {z,},n € N, by

G(zp) = wpy1, foralln=0,1,2,...
It follows that G*(x,,) = 2., for all n € N and
'D(gk$n_1, gkmn) < )\kD(xn_l, xn)

Proceeding analogously as in Gardasevic et al. (in press, 2023) for the first
case, we establish that the sequence {xzj.,} is Cauchy. Specifically, if
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n < m, it is shown that

D(Tktn, Thrm) — 0 @S n,m — +oo.

Since {z,} = {zo,21,...,2k—1} U{Zk, Tki1, ..., Thin,-..}, it follows that
the sequence {z,},n=0,1,2,...,is Cauchy. O
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Este articulo ofrece una revisiéon exhaustiva de los resultados
de puntos fijos en espacios métricos-like, con un enfoque parti-
cular en los espacios b-métrico-like. La nocién de espacios b-
meétrico-like generaliza varios conceptos importantes, incluidos
los espacios métricos parciales, los espacios métricos-like y los
espacios b-métricos. El articulo destaca contribuciones signi-
ficativas desde las primeras etapas de la investigacion hasta el
presente, ofreciendo una compilacion extensa de resultados fun-
damentales y recientes. Finalmente, proporcionamos respues-
tas afirmativas a algunos problemas abiertos derivados de los
resultados de proximidad 6ptima en espacios b-métrico-like or-
togonales 0-completos, avanzando aun mas en la comprension
de la teoria de puntos fijos en estos entornos generalizados. Es-
ta revision tiene como objetivo proporcionar a los investigadores
valiosas ideas y referencias, facilitando la exploracién y el de-
sarrollo futuros en el estudio de los espacios métricos-like y sus
generalizaciones.

Espacios b-métrico-like, Espacios métricos, Espacios métricos
parciales, Espacios b-métricos, Espacios métricos-like, Teoria
de puntos fijos.
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B smoti cmambe npedcmasneH nodpobHsil 0630p pesyrbma-
moe8 cyujecmeosaHusi (YUKCUPOBaHHbLIX MOYEK 8 MpoCcmpaH-
cmeax, noGobHbIX Mempu4yecKuM, ¢ 0CObbIM aKkueHmom Ha b-
Mempuydeckue npocmpaHcmea. oHsmue b-mempudYecKux rpo-
cmpaHcme obobujaem HECKONIbKO 8a)KHbIX KOHUenuud, 6KIIo-
Yyas YacmuyHble MempuYecKue rnpocmpaHcmea, Mempu4yecKue
rnpocmpaHcmea u b-mempuyveckue npocmpaHcmea. Cmambs
oceewjaem 3Ha4yumesibHble O0CMuUXeHuUs1 8 amou obnacmu, Ha-
YuHasi ¢ paHHUX uccriedogaHul u 00 Hacmosweao 8pemMeHU,
npednazasi O6WUPHY KOMAUIAYU hyHOameHmasbHbIX U CO-
epeMeHHbIX pe3dynbmamos. Kpome mozo, 8 cmambe darom-
CS NOI0XKUMesibHbIE 0MBembl Ha HEKOMOPbIE OMKPbIMbIE 80-
rpochkl, cesi3aHHbIE C JIyHWuMU pe3ynbmamamu 6iausocmu 8 op-
moeoHarsibHbIx 0-3aMKHYMbIX b-Mempu4ecKux rnpocmpaHcmeax,
ymo criocobcmeyem OarnbHelweMy pa3gumuio meopuu uk-
CUpOBaHHbIX MoYeK 8 amux 060bwWeHHbIX cmpykmypax. Uenb
amoeo ob3opa — rnpedocmasums ucc1edosamesnsiM UeHHbIe
udeu u ccbiniku, criocobemeys danbHelwemMy U3yHeHUr U pas-
8UMUI0 Meopuu rpocmpaHcmes, NoOObHbIX MEMPUYECKUM, U UX
obobuyeHudl.

Knrouesbie cnoea: b-mempudeckue rnpocmpaHcmea, Mempu-
yeckue rnpocmpaHcmea, YacmuyHble MempuyecKue npocmpaH-
cmea, b-mempudeckue npocmpaHcmea, npocmpaHcmea, ro-
00b6HbIE MEMPUYECKUM, Meopusi (hUKCUPOBAHHbBIX IMOYEK.
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Y oeom pady npedcmaesrbeH je ceeobyxeamaH npeaned pesyri-
mama ¢bUKCHUX madyaka y npocmopuma CUYHUM MEMPUYKUM,
ca nocebHuUM akueHmom Ha b-mempuuke npocmope. [lojam b-
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Mempuy4Kux rnpocmopa obyxeama HEKOIUKO 8aXHUX KOHuerna-
ma, yKrbydyjyhu napuujasHe Mempuyke rnpocmope, Mempudke
npocmope u b-mempuyke rnpocmope. Pad ucmude 3HadyajHe
donpuHoce 00 paHux ucmpaxueara 0o OaHac, Hydehu obum-
Hy KoMnunayujy coyHlameHmarsnHux u cagpemMeHux pesyrnmama.
KoHayHo, dajemo rnosumusHe 002080pe Ha HeKe omeopeHe rpo-
brieme Koju rpou3sunase u3 Hajborbux pesynmama 6rusuHe y op-
mozaoHaniHuM 0-KoMemHuUM b-MempuykuM rpocmopuma, Hu-
me Qasbe yHanpehyjemo pasymegar-e meopuje YUKCHUX ma4va-
Ka y 08UM 2eHepanu3oeaHuM okpyxemuma. Oeaj npeaned uma
3a yurb Oa ucmpakueadyuma rnpyxu opazoueHe ysude u peghe-
peHue, onakwasajyhu darbe ucmpaxueare U pa3gsoj y npoyya-
8akby rpocmopa CAUYHUX MemMPUYKUM U HUX08UM 2eHeparu3a-
yujama.

KrbyyHe peyu: b-mempuyku npocmopu, Mempuyku rnpocmo-
pu, NapyujanHu Mempuy4Ku rnpocmopu, b-mempuyku npocmopu,
rPOCMOPU CUYHU MEeMmMPUYKUM, meopuja (hUKCHUX madaka.
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