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Abstract:

Introduction/Purpose: In this paper, a modified enriched version of the
classical Browder-Géhde-Kirk fixed point theorem in the setting of uni-
formly convex Banach spaces was proposed. This work aimed to ex-
tend fundamental fixed-point results to broader classes of mappings,
contributing to the ongoing development of fixed-point theory and its ap-
plications in nonlinear analysis.

Methods: A modified enriched asymptotically nonexpansive mappings
was introduced and analytical techniques from functional analysis and
metric fixed-point theory were employed. This study leverages the ge-
ometric properties of uniformly convex Banach spaces to establish new
existence and convergence results.
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Results: Several key theorems extending the Goebel—Kirk fixed point
theorem for modified enriched asymptotically nonexpansive mappings
were proved. The results demonstrated the existence of fixed points un-
der weaker assumptions, generalizing classical outcomes in this frame-
work.

Conclusions: The findings provided a significant advancement in fixed-
point theory, particularly for enriched mappings in uniformly convex Ba-
nach spaces. These results have potential applications in nonlinear anal-
ysis.

Key words: uniformly convex Banach spaces, honexpansive map, con-
vex set, fixed point

Introduction

As a fundamental principle of nonlinear analysis, fixed point theory finds
remarkable applicability in mathematics and its applications, including opti-
mization, game theory, and differential equations. A classical result in this
topic is the Browder-Gohde-Kirk fixed point theorem which guarantees ex-
istence of fixed points of nonexpansive mappings on uniformly convex Ba-
nach spaces. This theorem has been improved and extended by weaken-
ing its assumptions or generalizing its range of applicability to larger classes
of mappings over the years.

Several researchers have expanded upon the idea that a continuous
mapping on a convex set that fulfills a restricted Lipschitz condition must
also be Lipschitz continuous (see (Matkowski, 2007)). Many generaliza-
tions of the Browder-Goéhde-Kirk theorem have been established on the ba-
sis of this observation (Browder: (Browder, 1965), Gohde: (Gohde, 1965),
Kirk: (Kirk, 1965), and see also (Granas & Dugundji, 1982), (Goebel &
Reich, 1984), (Reich, 1976), (Reich, 1980)).

Two extensions of the Browder-Goéhde-Kirk theorem were shown in
(Matkowski, 2022). The first one says that if a mapping T satisfies a non-
linear Lipschitz-type inequality, there is a fixed point. The second result
claims that if T" is continuous and there exists a positive sequence (¢,,) of
real numbers converging to zero and such that this implication holds for
every n € N and u,v € C, then there exists a fixed point of 7. This work
helps to highlight the link between contractive mappings and fixed point
theorems.

Recently, Berinde (Berinde, 2019, 2020) has extended the literature re-
lated to Banach space by introducing enrichments to mappings of con-
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tractive types. Enriched contractions (Berinde & Pacurar, 2020) refer to
self-mappings T' on the structure U of a normed linear space (U, || . |).
These mappings adhere to a symmetric contraction condition, expressed
as||b(u—v)+Tu—Tv||<0||u—wv|,whered €[0,b+1)and b € [0, 00),
for each u,v € U. Undoubtedly, the category of enriched contractions is
more extensive, encompassing not only the conventional Banach contrac-
tions (where b = 0) but also incorporating Lipschitz-type and nonexpansive
mappings. The broader scope of the enriched contraction, which is an
extension of Banach contractions, reinforces the assertion that within the
Banach space context, a fixed point z* is guaranteed to exist, and the Kras-
noselskij iteration offers an approach to approximate the fixed point. This
assertion has been substantiated by Berinde and Pacurar (Berinde & Pacu-
rar, 2020). Recent years have seen an increasing interest in expanding the
theory of enriched type contractions (Rawat et al., 2023).

Recently, Anjum and Abbas (Anjum & Abbas, 2024) analysed it and
concluded that the idea of enriched nonexpansive mappings needs further
reconsideration, because it coincides with the concept of nonexpansive
mappings. Working in this direction, they defined a modified class of en-
riched nonexpansive mappings, and gave some fixed point results.

These developments emphasize how important it is to expand the scope
of classical fixed point theorems to include more extensive contractive con-
ditions. Our study expands on these discoveries by putting forth a brand-
new enriched contractive framework that consolidates and generalizes a
number of earlier findings, strengthening our knowledge of fixed point the-
ory and its uses.

In this paper, we will generalize the Browder-Goéhde-Kirk theorem by
providing an enriched version of the contractive condition. Our generaliza-
tion increases the usefulness of the theorem without overhauling its core
structure. In particular, fixed point results are obtained under enriched
Lipschitz-type conditions, which allows us to provide a much broader set-
ting to examine nonexpansive and related classes of operators. This re-
finement is motivated by recent progress in the theory of metric fixed points,
where more general and powerful results have been obtained by relaxing
strict contractive assumptions.

Preliminaries

In this section, we give some preliminary results for subsequent use.
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DEFINITION 1. Let (U, ||.||) be a real normed vector space. It is called uni-
formly convex, if there is some § > 0 for every ¢ € (0,2], such that
|z — y|| > € implies that || “£¥|| < 1 — § for any two vectors u,v € U with
[ull = ol = 1.

The fixed point theorem given by Browder, Géhde and Kirk is stated as
follows.

THEOREM 1. Let U be a uniformly convex Banach space andT : C' — C be
a nonexpansive mapping, where C is a non-empty, bounded, convex and
closed subset of U. Then T has at least one fixed point in C.

In (Berinde, 2019), Berinde generalized the scope of nonexpansive
mappings by introducing and analysing a new set of mappings called the
set of enriched nonexpansive mappings.

DEFINITION 2. Let (U, ||.||) be a normed linear space and T : U — U be a
mapping. If there exists b € [0, c0) so that

Io(w —v) +Tu—To|| < (b+1)||lu—v]|,Vuvel, (1)
then T is known as an enriched nonexpansive mapping.

The set of enriched nonexpansive mappings is strictly bigger than the
set of nonexpansive mappings, according to (Berinde, 2019). In fact, the
concept of a nonexpansive mapping is obtained when b = 0 is specified in

(1)-

ExamPLE 1. Consider a self-mapping T on R such that

_l’_

T(u) =

N

u
2
Forb =1, we get
u v 3
b(u — Tu—Tv|| = ||lu— — — =l = =|lu—w].
b(u =)+ Tu—Tofl = u—v+5 5] = Slu—v]

Thus, T satisfies (1) with b = 1 and is an enriched nonexpansive mapping,
but not necessarily nonexpansive.

REMARK 1. (Berinde & Pacurar, 2020) Let U be a normed space space and
T be a self-mapping on U, then an averaged mapping 7 for any A € (0, 1)
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is obtained by
Thu=(1—Nu+ A\Tu,Vu € U. (2)

Moreover,
Fiz(T\) ={ueU :T\u=u}={uecU:Tu=u} = Fiz(T). (3)

The b-enriched nonexpansive condition can be reformulated as a non-
expansive mapping condition, as demonstrated by the authors in (Anjum &
Abbas, 2024). Thus, the writers made the following changes to the defini-
tion.

DEFINITION 3. Consider a normed space (U, ||.||) and a mappingT : U — U.
If for some b € [0, +00) the following condition holds

|b(u —v) +Tu—Tv| < |lu—2|,Yu,vel,
then T is called a b-modified enriched nonexpansive or modified enriched

nonexpansive mapping.

This refined condition ensures a stronger form of contraction, leading to
the next fixed point theorem.

THEOREM 2. Let T : U — U be a modified enriched nonexpansive mapping
with b # 0, where (U, ||.||) is a Banach space. Then
1. Fiz(T) = {u*}.
2. X € (0,1) exists such that, for any initial guess uy € U, the Krasnosel-
Skii iteration related to T, namely the sequence {u,,}°°,, provided by
Unt1 = (1 = Nuy + ATu,,n > 0, converges to u*.

DEFINITION 4. Let U be a Banach space and C' C U. A transformation T :
C — C is known as an asymptotically nonexpansive if for every u,v € C,

| T =Tl < Lillu—v]l, u,veC,

where {L;} is a sequence of real numbers satisfying lim L; = 1.
1—00

In (Kirk, 1965), Goebel and Kirk proved the following result.

THEOREM 3. Let U be a uniformly convex Banach space and T be an
asymptotically nonexpansive self-mapping on C, where C < U is a
nonempty, convex, bounded and closed set. Then T has a fixed point.




Main results

LEMMA 1. Let U,V be normed spaces, T : C — V be a mapping where
C C U is aconvex set, b € [0,00) and a real function 3 : (0,00) — [0,00)
such that

[b(u —v) +Tu — To|| < B(|lu—vl), (4)

for all u,v € C' and u # v. If

lim sup @ < 400, ()
t—0+ t
then
|b(w —v) +Tu —Tv| < L||ju —v|, u,v € C, (6)

where lim inf @ = L.
t—0t+

Proof. Taking A = 17, we get b = 152, using which (4) reduces to
(L= X)(u—v)+ XTu— XTv|| < AB(||lu —v|]),
that is,
[Thu = Tyl < AB([lu — ), (7)

where Thu = (1 — A\)u + ATu.
Clearly, T) is continuous from equations (5) and (7). Also, from equation
(5), for fixed x,y € C with = # y and € > 0, there exists ¢, > 0 such that

Bit) < L+e forallte (0,t] )

— | llu=]

and define n(e) = L -
Now, define the sequence {z;} as follows:

o= <1—%>u+%u, k=0,1,...,n(c).

Since C is convex, there exists z;, € C for all k. Moreover,

1
| zkr1 — 2kl = %Hu —wv| € (0,t], forallk=0,...,n(e)—1.
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Also 29 = u, 2, () = v, and

n(e)—1

lu=vll =Y llokr1 — 2l
k

=0

Using the triangle inequality and condition (7), one obtains

n(e)—1
HT,\U — T)\U” = (T)\Zk — T}\Zk-Jrl)
k=0
n(e)—1
< I Thzk — Trzg4 |
k=0
n(e)—1
< Bllzk = zk+1ll)
k=0
n(e)—1 H
< u—|
- n(e)

Taking ¢ — 0 in the inequality above, one obtains
| Thu — Thv|| < AL||lu —v||.
This further implies

(1= XN)(u—v)+ ATu— ATv|| < AL|ju — ||
|6(w —v) + Tu —Tv| < Llju —v|.

This concludes the proof. O

LEMMA 2. Let U, V be real normed spaces and T : C' — V be a continuous
mapping, where C C U is a bounded convex set. If there exists some




b € [0,00) , @ non-negative real L and two positive sequences (c,), (ty)
satisfying

lim ¢, = L and lim ¢, =0,

n—oo n—oo

so that for all u,v € C andn € N,
Ju—vl| <tn = [[blu—v) +T(u) =T ()| < cntn, (8)
then T satisfies
|b(w —v) +Tu—Tv| < Llju—v|,u,v € C.

Proof. Taking A = 17, we get b = 152, using which (8) reduces to

(1= XN)(u—v)+ ANTu— ATv|| < Aeptp,
that is,
lu—v| <t, = ||Thu—Tyv| < Aeptn, (9)

where Thu = (1 — N)u + AT u.
Let u,v € C such that u # v. Since C is convex and bounded, for any
n € N, define an integer k,, € N such that

(kn — Dty < [l — 0| < Entn.

Now define a partition of the segment from « to v into k,, equal parts

zp = (1— k];)u + ]iiv, fork=0,1,2,..., ky,.

Then each z;, € C by convexity, and || 21 — 2| = éHu—vH < t,, equation
(9) |mplles that ||T)\Zk+1 — T)\Zk” < Aeptn.
Also zy = u, 2z, = v, and

n = (1=t )y Bl
2k, —1 — V|| = o u o v—v

1
:k—||u—v|| < ty. (10)

Using the triangle inequality and condition (9), one obtains

kn,—2

1 Taw = Tholl = || > (Tazk — Tozrsr) + (Thzk,—1 — Thv)

k=0
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kn,—2

<Y Tz — Tazkaa | + [ Taze, 1 — Tav
k=0
kn—2

< Y Aeatn + [ Tazk, -1 — Tav|
k=0

= )\Cntn(kn — 1) + ||T)\an_1 — T)\UH. (11)

Now, from (10), we obtain |z, 1 — v| < t,. Therefore, we have

li_)m lzk,—1 — v|| = 0 and, in view of the continuity of T, ILm | T2k, -1 —
Ty\v|| = 0. Also, taking into account that (k,, — 1)¢,, < ||u — v||, from (11) on
taking n — oo, one obtains

| Thu — Thv|| < AL|lu —v||.
This further implies

(1 = A)(u—v) + ATu — ATw|| < AL|ju — v||
|b(u —v) +Tu—Tv| < Ljju—v|.

This concludes the proof. O

LEMMA 3. Let U, V be real normed spaces and T : C' — V be a continuous
mapping, where C C U is a bounded convex set. If there exist a non-
negative real L, some b € [0,00), a function § : (0,00) — [0,00), and a
positive sequence (t,,) of real numbers with nli_)ngo t, = 0 and satisfying

lim M =L,

n—oo i

so that for all u,v € C andn € N,
[u— vl =tn = [[bu—v) +Tu—To|| < B(|lu—v]),
then T satisfies
|b(u —v) + Tu — Tv|| < Llju — v||,u,v € C.

Proof. Taking ¢, = %n") we obtain ILm c¢n, = L. As for every n € N and

u,v € C, ||b(u—v) +Tu—Tv| < B(tn) = cuty if ||u — v|| = t,, so the result
follows from Lemma 2. O




THEOREM 4. Let U be a uniformly convex Banach space and T be a self-
mapping on C, where C C U is a nonempty, convex, bounded and closed
set. If there exists b € [0, 00) and a function /3 : (0,00) — [0, 00) for which

1b(u = v) + Tu—To| < B([lu — v||), u,v € Cu# v,

and
lim sup @ < +00, liminf@ =1,
t—0+ t—0t
then,
1. Fiz(T) # 0.

2. Forb € (0,00) the fixed point is uniquely determined. Moreover, \ €
(0,1) exists such that, for any initial guess uy € U, the Krasnoselskii
iteration related to T, namely the sequence {u, }°° ,, provided by

Unt1 = (1 — Nup + ATup,n > 0, (12)
converges to u*.
Proof. Applying Lemma 1 with L = 1, we get

|lb(u —v) +Tu—Tv|| < |lu—v|, u,veC.

Setting A = 515, we derive b = 152, which leads to

IThu — Thyl| < A|Jlu—o||, wu,veC.

If b € (0,00), i.e. A < 1, then this indicates that the averaged operator
T, satisfies the Banach contraction principle. The Krasnoselskij iterative
sequence {u,}:° ), defined by (12), coincides with the Picard iteration for
T)\, i.e.,

Upt1 = ThUp, n >0. (13)

Since T), is a Banach contraction mapping on U, where U is a Banach
space, the Banach fixed-point theorem guarantees that 7, has a unique
fixed point, denoted by «* € U, and the Picard iteration related with T}, as
defined in (13), converges to u*. Also, if A = 1, then T), is a nonexpansive
mapping, so from the Browder-Gohde-Kirk fixed point theorem T, has a
fixed point. Furthermore, from equation (3), we conclude that T" also has a
fixed point. O
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EXAMPLE 2. Let the sets U = V' = R with the norm ||.||, C = [0,1] and b = %
Define a function T': C' — C as follows

T(u) = 3,

where u € C. Now, for any two u,v € C, T'(u) = § and T'(v) = 5. So,

[\

1
[b(u = v) + Tu — Tv|| = H2(”_”)+Z_§

= [I(u = o)

Now, on defining 4(t) = ¢, we obtain

16(u =) + T(u) = T()|| < B([lu =),

Also, lim sup@ =1, and liminf@ = 1. Clearly, all the assumptions of
t—0+ t—0+
the theorem are satisfied and therefore, u = 0 is a unique fixed point of T'.

THEOREM 5. Let U be a uniformly convex Banach space and T be a continu-
ous self-mapping on C, where C C U is a nonempty, convex, bounded and
closed set. If there exists some b € [0,0), a function 3 : (0,00) — [0, 00)
and a sequence of positive real (t,), 7}1_%0 t, = 0 satisfying the condition

lim B(tn)

n—oo i,

=1,

so that for all u,v € C and for every n € N,
lu—o| =t, = |bu—v)+T(u) —T)| < B(lu—vl),

then,
1. Fix(T) # 0.
2. forb € (0,00) the fixed point is uniquely determined. Moreover, \ €
(0,1) exists such that, for any initial guess uy € U, the Krasnoselskii
iteration related to T', namely the sequence {u, }°° ,, provided by

Unt1 = (1 = Nup + ATup,n > 0, (14)

converges to u*.




Proof. Applying Lemma 2 with L = 1, we get
Ib(w —v) +Tu—Tv|| < |lu—v|, u,veC.

Setting A = 515, we derive b = 152, which leads to

I Tou — Tooll < Allu—vfl, u,v e C.
If b € (0,00), i.e. A < 1itindicates that the averaged operator T, satis-

fies the Banach contraction principle. If A = 1, then T), is a nonexpansive
mapping. The rest of the reasoning is same as of Theorem 4. O

Now, we define modified enriched asymptotically nonexpansive map-
ping in a Banach space U.

DEFINITION 5. Let C be a subset of a Banach space U. A transformation
T : C — C is said to be modified enriched asymptotically nonexpansive if
for some b € [0, 00) and for each u,v € C,

Hb(u—v)—l—TZu—T’vH SLIHU_UHv u,’UGC,
where {L;} is a sequence of real numbers satisfying lim L; = 1.
1—r 00
THEOREM 6. Let C be a nonempty, convex, closed and bounded subset of a
uniformly convex Banach space U, and T : C — C be a modified enriched
asymptotically nonexpansive. Then

1. Fiz(T) # 0.

2. forb € (0,00) the fixed point is uniquely determined. Moreover, \ €
(0,1) exists such that, for any initial guess uy € U, the Krasnoselskii
iteration related to T', namely the sequence {u, }:>,, provided by

Unt1 = (1 — Nup + ATup,n > 0, (15)
converges to u*.

Proof. Setting A = 1, we derive b = 152, So the modified enriched

asymptotically nonexpansive condition reduces to

(1= A)(u —v) + N — AT|| < ALg|ju — v|,

| Thu — Tiv|| < ALillu —v|l, u,v € C.
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Now, since lim L; = 1, therefore lim AL; = A < 1. Ifb € (0,00),then A < 1
1—00 1—=00

which indicates that for i large enough, the averaged operator T§ satisfies

the Banach contraction principle. If b = 0, then A = 1 which indicates

that for i large enough, the averaged operator T} satisfies the Browder-

Gohde-Kirk fixed point theorem. The rest of the reasoning is the same as

of Theorem 4. O

REMARK 2. Also note that if lim L; < 1, then also T§ satisfies the Banach

1—00

contraction principle, i.e. Ty has a unique fixed point. Furthermore, from
(3), we conclude that T" also has a unique fixed point.

THEOREM 7. Let U be a uniformly convex Banach space and T be a self-
mapping on C, where C C U is a nhonempty, convex, bounded and closed
set. Assume that T is a modified enriched nonlinear asymptotically nonex-
pansive mapping, i.e., for all i € N, a function 3; : (0,00) — (0, 00) exists,
such that

Ib(w —v) + T'u — T'| < Bi(|lu —vl]),u,v € C,u # v,

and
1imsup5i7(t) < +o0 and liminfﬁi—(t) =1L;ieN,
t—0+ t—0+ t
where the sequence (L;) converges with lim L; < 1. Then
1. Fin(T) # 0. o
2. forb € (0,00) the fixed point is uniquely determined. Moreover, \ €
(0,1) exists such that, for any initial guess uy € U, the Krasnoselskii
iteration related to T', namely the sequence {u, }:>,, provided by

Unt1 = (1 = Nup + ATup,n > 0, (16)

converges to u*.

Proof. Using Lemma 1 with 7" in place of T', and L; in place of L, for every
1 € N, we get

1b(u — v) + T'u — T|| < Li|lu — ||, u,v € C. (17)

Now if lim L; = 1, then clearly T is a modified enriched asymptotically

1—00

nonexpansive mapping as given in Definition 5. So, from Theorem 6 the
results follow. If lim L; < 1 then from Remark 3.7, the results follow. O
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THEOREM 8. Let U be a uniformly convex Banach space and T be a con-
tinuous self-mapping on C, where C' C U is a nonempty, convex, bounded
and closed set. Suppose, for all i € N a function 3; : (0,00) — (0, 00) and
a sequence (t;, : n € N) with nlLrgO tin = 0 exists, satisfying the condition

lim Bltin)

n—»00 ti,n

= L’ia

so that for all x,y € C and for every n € N,
lu—oll = tin = [[b(u—v) +T"(u) = T () || < Bi(|lu —l]), i €N

IfL=1im L; <1, then

1—>00

1. Fix(T) # 0.

2. forb € (0,00) the fixed point is uniquely determined. Moreover, \ €
(0, 1) exists such that, for any initial guess uy € U, the Krasnoselskii
iteration related to T, namely the sequence {u,}°2 ,, provided by

Unt1 = (1 = Nup + ATup,n > 0, (18)

converges to u*.

Proof. Based on Lemma 3, the mapping 7" satisfies
|b(u — v) + T — T'|| < Li||u — v]||, foralli e Nand u,v € C.  (19)

Now if lim L; = 1, then clearly T is a modified enriched asymptotically
11— 00

nonexpansive mapping as given in Definition 5. So, from Theorem 6 the

results follow. If lim L; < 1 then from Remark 3.7, the results follow. O

1—00
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O moandukoBaHum oboraheHum Bep3unjama Browder-Gohde-
Kirk Teopeme HenokpeTHe Tadke

[Jusjarwy Yamonn®, lLlusam PaBat® ayTop 3a npenucky, Moruka

Buwt®,

P.C. Oumpn®

@ YHueepauteT H.N.B. lapean, WpuHarap Mapsan, YTapakxaHg,
246174, UHaunja

6 Katenpa 3a maTematyky, YHueepauteT Graphic Era (ca ctaTycom
.Deemed to be*), [lexpaayH, YTapakxaHg, 248002, Nnauja.

Y4 KaTtegpa 3a matematuky, YHuBepauTeT Graphic Era Hill, lexpaayH,
YTapakxang, 248001, Uxguja.

OBJTIACT: matematuka
KATETOPWJA (TWM) YNAHKA: opurHanHu Hay4Hu pag

Caxemak:

Yeod/uurb: Y pady ce npednaxe modugpukosaHa oboezahieHa
eep3suja knacu4yHe Browder-Gbhde-Kirk meopeme HernokpemHe
mauke y oKeupy yHUGOPMHO KOHBEKCHUX BaHaxosux npocmopa.
Hurb pada je npowupere 0CHOBHUX pe3ysimama O Hernokpem-
HUM maykama Ha wWupe Krace rpecsukasara 4yume ce 00rnpu-
HOCU KOHMUHYUpaHOM pa3eojy meopuje HErMnoKpemHe madke u
HEHUM rpuMeHama y HesluHapHOj aHanusu.

Memode: YesedeHa cy moducpukogaHa oboeaheHa acumrnmom-
CKU HeeKcraH3usHa rpecriukasama, a KkopuwheHe cy aHanu-
muyke mexHuke hyHKYUOHaIIHe aHanu3e u Mempuyke meopuje
HernokpemHe mayke. 080 ucmpauear-e Kopucmu 2eomMempu;-
CKe 0cobuHe yHUOPMHO KOHBEKCHUX baHaxoeux npocmopa 3a
ycrnocmassbarbe HO8UX pesysimama o rocmojary U KOH8epaeH-
uuju.

Pesynmamu: [Joka3aHO je HEKOIUKO KIbyYHUX meopema Koje
npowupyjy Goebel-Kirk meopemy HerlokpemHe madke 3a MoOu-
pukosaHa obozaheHa acuMnmMoOmMCKU HeeKcrnaH3ueHa npecriu-
Kaearba. Pe3ynmamu rokasyjy nocmojar-e HernokKpeHmHux ma-
Yaka rnod cnabujum npemrmnocmaskama, eeHepanu3syjyhu knacuy-
He ucxode y 080M OK8UPY.

Bakpyuyu: [obujeHu pe3ynmamu rpedcmassbajy 3Ha4ajaH Ha-
npedak y meopuju HeroKpemHe madke, Hapo4yumo Kada je ped
0 0boezaheHuUM npeciukasarbuma y yHUGOPMHO KOHBEKCHUM ba-
Haxosum ripocmopuma. Osu pesynmamu Moay ce npumMeHuUmu
Y HerluHeapHoj aHanu3su.
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KrbyyHe pedu: yHUGOPMHO KOHeeKkcHU BaHaxoeu npocmopu,
HeeKCrnaH3UBHO Npec/luKagaHe, KOHBEKCHU CKyrl, HEeroKpemHa
mayka
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